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The neutral hydrogen 21 cm line is potentially a very powerful probe of the observable universe, and a number of on-going
experiments are trying to detect it at cosmological distances. However, the presence of strong foreground radiations such as
the galactic synchrotron radiation, galactic free-free emission and extragalactic radio sources make it a very challenging task.
For the design of 21 cm experiments and analysis of their data, simulation is an essential tool, and good sky foreground model
is needed. With existing data the whole sky maps are available only in low angular resolutions or for limited patches of sky,
which is inadequate in the simulation of these new 21 cm experiments. In this paper, we present the method of constructing
a high resolution self-consistent sky model at low frequencies, which incorporates both diffuse foreground and point sources.
Our diffuse map is constructed by generating physical foreground components including the galactic synchrotron emission and
galactic free-free emission. The point source sample is generated using the actual data from the NRAO VLA Sky Survey (NVSS)
and the Sydney University Molonglo Sky Survey (SUMSS) where they are available and complete in flux limit, and mock point
sources according to statistical distributions. The entire model is made self-consistent by removing the integrated flux of the point
sources from the diffuse map so that this part of radiation is not double counted. We show that with the point sources added, a
significant angular power is introduced in the mock sky map, which may be important for foreground subtraction simulations.
Our sky maps and point source catalogues are available to download.
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1 Introduction

Tomographic observation of the redshifted 21 cm signal from
neutral hydrogen will allow us to study the Epoch of Reion-
ization (EoR) [1, 2] and the Cosmic Dawn [3], to trace the
evolution of the large scale structure of our universe and con-
strain the cosmological parameters including the equation of
state of dark energy [4, 5], and even to probe the cosmic
dark age [6]. A number of telescopes have been developed
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to detect the cosmological 21 cm signal, including the EoR
experiments such as LOFAR [7], MWA [8], PAPER [9], and
HERA [10]; and the dark energy experiments such as Tian-
lai [11] and CHIME [12]; and the next generation telescopes
such as SKA [13] which are expected to provide considerably
more accurate power spectrum and directly map the large
scale structures.

However, detecting the cosmological 21 cm signal is very
difficult due to the presence of foregrounds which are several
orders of magnitude stronger. At low frequencies the main
astrophysical foregrounds include the galactic synchrotron
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emission which arises from the relativistic electrons moving
in the galactic magnetic field, the galactic free-free emission
which is produced by the scattering of free electrons with dif-
fuse warm ionized gas, strong radio sources such as super-
nova remnants (SNRs), and extragalactic radio sources such
as radio-loud galaxies, quasars and BL Lac objects [14, 15].
In order to study the foreground removal methods and evalu-
ate its impacts on the 21 cm experiments by numerical simu-
lation, mock sky images with foregrounds are needed.

Various studies on the foregrounds have been carried out
for the 21 cm experiments [16-21]. To investigate how the
different foreground subtraction techniques work, or to make
forecast of the experiments, simulations with foreground sky
models are needed. The Global Sky Model (GSM) [17]
is widely used for this purpose, with a recent updated ver-
sion [19]. We denote the original and updated GSM models
as GSM2008 and GSM2016 respectively. The foreground
map in the GSM model is based on the method of Princi-
pal Component Analysis (PCA). GSM uses several whole
sky or large area sky maps, especially the Haslam map [22]
at 408 MHz as input data, to extract the principal compo-
nents in the pixel-frequency space, to generate maps at other
frequencies. GSM2008 applies the PCA once on the whole
pixel-frequency data set, while GSM2016 applies the PCA
iteratively on the outputs of each iterations. However, owing
to the limitation of the available whole sky surveys (e.g. the
Haslam map has an angular resolution of 0.85◦), the angular
resolutions of these models are limited at low frequencies.

A high resolution whole sky model is provided in the
21 cm simulation software package CORA [20, 21]. It uses
the 2003 version of the Haslam map1) as the base map, with
the spectrum index given by GSM, plus a randomly generated
variation in the spectrum index. To include structures on the
small scales, CORA added bright point sources drawn from
the matched ones in the VLSS [23] and NVSS [24] surveys,
plus a mock sample of randomly generated point sources ac-
cording to the distribution given in ref. [25], and finally,
based on ref. [26], very faint point sources are taken into
account as a whole in the small scale angular power spec-
trum. There are also other high resolution models, e.g. the
Tiered Radio Extragalactic Continuum Simulation (T-RECS)
[27], but only a limited patches of the sky are covered.

In this study, we construct a high-resolution whole sky
foreground model by modeling the sky as the sum of a diffuse
component and a point source component. For the diffuse
component, our model differs from the GSM model in that
instead of using the purely mathematical approach of PCA
in GSM (2008 and 2016), we fit the spectral index, varying

both with frequency and angular direction using the multi-
wavelength data. Such model is less general than the PCA
model, but may have some advantages in certain applica-
tions, e.g. employing data from other wave bands to improve
the foreground model, or to make more extreme extrapola-
tion. We also use the updated Haslam map which is source-
subtracted and de-striped [28]2) as our basis. We achieve a
higher angular resolution by adding point sources to the low
resolution maps. This procedure is possible because point
sources, i.e. sources unresolved up to the angular resolution
of the survey, have been detected in surveys of higher angu-
lar resolutions, further, their statistical distribution is known
or can be inferred. However, these point sources are not de-
tected individually in surveys with low angular resolutions,
but are merged into the diffuse foreground. Developed inde-
pendently, our procedure differs from that of CORA in detail,
for example in the choice of statistical model, and the place-
ment of the points—CORA assumed a uniformly random dis-
tribution of points, whereas we consider angular clustering
of the radio sources and use Rayleigh-Lévy random walk to
place the mock point sources. However, we found that our
results are similar to that obtained using CORA.

The remainder of this paper is organized as follows. In
sect. 2, we outline the construction of our foreground model.
In sects. 3 and 4, we present our method of constructing the
diffuse map and point source contribution respectively. Fi-
nally, the resulting total sky map is presented in sect. 5 and
discussed.

2 Foreground model

In an astronomical observation, a source of radiation can
be classified either as an extended source or a point source,
where the latter is unresolved up to the limit of angular reso-
lution. This classification depends on the angular resolution
of the observation: at higher resolution some point sources in
low resolution surveys will turn out to be extended ones.

In our sky model, we consider two types of contributions:
a whole sky diffuse foreground which includes all extended
sources, and the point sources. The sky intensity for an angu-
lar resolution Θ is then given by

IΘ(n, ν) = If
Θ(n, ν) +

∑
p∈MΘ

Ip
Θ

(n, ν), (1)

where n denotes the direction of the sky, ν denotes the fre-
quency, If

Θ
denotes the whole sky diffuse foreground, MΘ de-

notes the set of point sources at resolution Θ, and Ip
Θ

denotes
the radiation from point source p convolved with a beam of

1) https://lambda.gsfc.nasa.gov/product/foreground/haslam 408.cfm
2) http://www.jb.man.ac.uk/research/cosmos/haslam map
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angular resolution Θ. The observed diffuse foreground map
and catalog of point sources are available only at some fre-
quencies, and in most cases only a part of the whole sky.
However, we may construct statistical models with param-
eters fitted with observations, then use the resulting model
to generate mock diffuse foreground maps and point source
catalogs.

However, in practice, diffuse maps are usually obtained not
at the simulated resolution Θ, but at a lower angular resolu-
tion Θ0, as the future experiments being studied are usually
designed to have higher resolution than the existing ones. To
address this issue, we shall adopt a simple approach: the sky
is modeled as a diffuse foreground derived from the fixed an-
gular resolution, plus point sources, i.e.,

IΘ(n, ν) = If
Θ0

(n, ν) +
∑

p∈MΘ
Ip
Θ

(n, ν). (2)

For example, for the low frequency sky map we use the
Haslam map as a basis, which has Θ0 = 0.85◦. The construc-
tion of our diffuse foreground model is described in sect. 3.

Compared with eq. (1), the model given by eq. (2) essen-
tially assumes that the small scale angular power originates
from point sources, whose statistical distribution is assumed
to be known, and that there is no significant contribution of
the extended sources at the scales between Θ and Θ0. Of
course, if the presence of certain extended sources are known,
it may also be possible to generate mock models of these. In
the present paper we simply ignore such extended sources.
Even so, many tests of foreground subtraction techniques or
forecast on sky surveys can be conducted using such a model.

The radiation of a source can be detected above the noise if
its flux is higher than the sensitivity limit of the observation,
but whether this radiation can be detected as from a distinct
source also depends on the number density of sources. Only
above a certain threshold, i.e. the confusion limit [29-31],
can the source be distinguished from other sources, below the
threshold there are likely multiple faint sources of compara-
ble flux within the same beam that they merge into each other
and become indistinguishable from the diffuse foreground.
Thus, in the simulation, we consider point sources above the
confusion limit, while taking the ones below the threshold as
part of the diffuse foreground.

Assuming that the sources are randomly distributed over
the sky with a differential source count approximated as a
power-law:

n(S ) = k S −γ. (3)

For a circular Gaussian beam, the confusion limit flux is
[30, 31]

S c =

 Q2 k π θ20
(3 − γ)(γ − 1) 4 ln 2

 1
γ−1

, (4)

where θ0 = 1.029λ/D, Q is a factor of 3-5 [32]. Note that
the confusion limit depends on the angular resolution of the
observation and the distribution of sources, but not on the
sensitivity of the telescope. A detailed computation of the
confusion limit is given in Appendix.

As noted above, we may generate the radiation from the
set of point sources M, which includes all sources with flux
above the confusion limit S c. However, in practice such data
may not be available. Available surveys may only cover a
small part of the sky, and even in the covered regions, the sur-
vey may not be complete up to the confusion limit. However,
if a statistical distribution of the point sources can be inferred
from the observations, we may be able to generate a mock
sample of point sources according to the statistical distribu-
tion of the sources, such that it covers the whole sky up to
the confusion limit. The aforementioned approach is adopted
here: we use the combination of the NVSS and SUMSS sur-
veys. For those regions of sky covered by these surveys, es-
pecially for the brighter sources which these surveys are es-
sentially complete, we will take the point sources from the
actual catalog with measured position and flux. At the same
time, we also derive the statistical distribution of the sources
and extrapolate it to faint fluxes. For the regions which are
not covered, or for fainter sources which the two surveys are
incomplete, we will generate mock point sources according
to the statistical distribution.

Note that when we constructed the whole sky diffuse maps,
except for a few very bright ones, the majority of the point
sources are not individually detected in the input data, so
the diffuse map actually included the radiation from these
sources. If we are to include the point sources, to avoid dou-
ble counting, we should remove their radiation from the dif-
fuse map to ensure that the model is self-consistent. We do
this by computing the integrated flux of all the point sources
for each pixel of the whole sky map and subtract them out.

Below we present the detailed procedures for constructing
the diffuse map and the point source contributions.

3 Diffuse emission

For the whole sky, we pixelize the sky map using the
HEALPix scheme [33]. In HEALPix the whole sky is di-
vided into 12n2

side pixels, the pixel size of the map is θpix ≈√
4π/(12n2

side). The pixel size should not be larger than the
FWHM resolution of the sky map, i.e. θpix ≤ θFWHM. In the
current model we use nside = 512, which can support resolu-
tions of up to ∼ 0.1◦. If higher resolutions are needed, we can
pixelize the sky with larger nside.

First we construct the whole sky diffuse foreground map.
To model the diffuse emission, the GSM uses the observa-
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tion data of whole sky surveys or large area surveys at fre-
quency bands ranging from 10 MHz to 94 GHz (10 MHz to
5 THz for improved GSM), all with different angular resolu-
tions at different frequencies [17, 19]. The dataset is listed in
Table 1 (only up to 94 GHz for our purpose), and the maps
of different frequencies are shown in Figure 1. The principal
components are obtained by solving the eigenvalue or singu-
lar value problem of the image correlation matrix, and the
sky map at arbitrary frequencies are obtained by extrapolat-
ing these components, with the Haslam map at 408 MHz as
the base map. As such, the principal components are purely
mathematical and do not have obvious physical origins.

However, we consider a simple physical model of the fore-
ground radiation, which includes two major physical compo-
nents of diffuse foregrounds at low frequencies: the galac-
tic synchrotron emission and the galactic free-free emission
[15]. The galactic synchrotron emission arises from the ac-
celeration of the free high-energy (cosmic ray) electrons in
the galactic magnetic field. The energy spectrum of the cos-
mic ray electrons is approximately a power-law E(γ) ∝ γ−p

[41-43], the brightness temperature of the synchrotron emis-
sion is also power-law. The galactic free-free (thermal) emis-
sion is produced by the scattering of free electrons with dif-
fuse warm ionized gas. Although it is a small contribution
compared with the synchrotron at low frequency [15], its

brightness and fluctuation are still much larger than the 21 cm
signal. At high galactic latitude, Hα and the diffuse warm
ionized gas are optically thin and in local thermodynamic
equilibrium, they are both proportional to the emission mea-
sure (EM), so we can use the galactic Hα as a tracer of the
galactic free-free emission [44].

The brightness temperature of the diffuse emission can be
dedcribed as a power law:

Tdiffuse(ν) = Tdiffuse(ν∗)
(
ν

ν∗

)−β
. (5)

For the spectrum index β, at the high galactic latitude, ref.

Table 1 Sky maps which are used to model the diffuse foreground

Frequency FWHM Reference

10 MHz 2.6◦ × 1.9◦ [34]

22 MHz 1.1◦ × 1.7◦ [35]

45 MHz 5◦ [36]

85 MHz 3.8◦ × 3.5◦ [37]

150 MHz 2.2◦ [37]

408 MHz 0.85◦ [22]

1420 MHz 0.6◦ [38]

2300 MHz 2.3◦ × 1.9◦ [39]

23, 33, 41, 61, 94 GHz (WMAP) ∼ 0.5◦ [40]

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

10 MHz 22 MHz 45 MHz

85 MHz

5.3 5.8
log10(K)

2.9 4.1
log10(K)

2.2 3.6
log10(K)

1.25 2.7
log10(K)

−4.2 −2
log10(K)

−0.9 0.9
log10(K)

0.5 1
log10(K)

4.3 5.4
log10(K)

3.7 4.7
log10(K)

150 MHz 408 MHz

1420 MHz 2300 MHz WMAP

Figure 1 (Color online) Sky maps used to model the diffuse foreground. From (a) to (i) are maps at frequencies 10 MHz, 22 MHz, 45 MHz, 85 MHz, 150
MHz, 408 MHz, 1420 MHz, 2300 MHz, 23 GHz respectively.
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[45] obtained β = 2.81 ± 0.16 in 1-10 GHz, they then com-
bined it with the Haslam 408 MHz map [22] and Reich &
Reich 1420 MHz map [46, 47] to obtain β = 2.76 ± 0.11 in
0.4-7.5 GHz. At low frequencies, such as 150 MHz, in the
same sky region as above, β ≈ 2.55 and increases as fre-
quency increases. At about 1 GHz, it steepens to β = 2.8-3
[45, 46, 48-53].

The spectrum index β varies not only with frequency but
also with different directions n. We have several observa-
tions at mid- and low-frequencies from 10 MHz to 2.3 GHz,
a feasible method to obtain β(ν,n) is to use the polynomial
fitting [17].

Expanding β(ν,n) in the logarithm of the frequency:

ln
[

Tdiffuse(n, ν)
Tdiffuse(n, ν∗)

]
= β0(n)

[
ln
ν

ν∗

]
+ β1(n)

[
ln
ν

ν∗

]2

+ · · · (6)

rewriting in matrix form:

y = A x + n. (7)

For each line of sight, y is a Nν × 1 vector of the data, and
y =

[
ln Tdiffuse(n,ν1)

Tdiffuse(n,ν∗) , ln
Tdiffuse(n,ν2)
Tdiffuse(n,ν∗) , · · ·

]T
, x is a Nβ × 1 vector of

the estimator, and x = [β0(n), β1(n), · · · ]T, A is a Nν × Nβ
matrix which is constructed as:

A =



ln
ν1
ν∗

[
ln
ν1
ν∗

]2

· · ·
[
ln
ν1
ν∗

]Nβ

ln
ν2
ν∗

[
ln
ν2
ν∗

]2

· · ·
[
ln
ν2
ν∗

]Nβ

...
. . .

ln
νNν

ν∗

[
ln
νNν

ν∗

]2

· · ·
[
ln
νNν

ν∗

]Nβ


, (8)

where Nν and Nβ are the number of frequency bins and the
number of parameters required to describe the spectrum in-
dex of diffuse emission respectively. The extra term n de-
notes the noise with ⟨n⟩ = 0. The estimator x̂ is the minimum
variance solution of eq. (7):

x̂ = [ATN−1A]−1ATN−1y. (9)

To compute eq. (9), we use the observation maps listed in
Table 1, the procedure for obtaining the diffuse foreground
map is as follows:

(1) Pre-process the observation maps. As the 23, 33, 41,
61, 94 GHz maps are the WMAP-9yr diffuse radiation map
products, we use them directly. The 2300 MHz map used
here has already subtracted out the CMB temperature. For
the other maps, we subtract the average CMB temperature
2.7255 K. The CMB anisotropy [54] is too small to affect any
result.

(2) Subtract the contribution of radio point sources (de-
scribed in next section) from the maps. Note that in the

1420 MHz map some of the strongest sources such as Cas-
siopeia A and Cygnus A have already been removed. For
each map we generate the point sources as described in sect.
4, first, generate a point source map at the same frequency as
the sky map, with a resolution of 45′′; second, we use a circu-
lar Gaussian function (eq. (a1)) or a elliptic Gaussian function
(eq. (a2)) to convolve the point source map if the sky map has
a circular beam θ0 or a non-circular beam θ1 × θ2, we then
obtained a point source map with the same resolution as the
sky map; finally we subtract the point source map from the
sky map.

(3) Maps produced by following the above two steps (pre-
processed maps) represent the diffuse emission. In order to
compute and fit the spectrum indices, as the input maps are in
different angular resolutions, all of them are smoothed to a 5◦

FWHM resolution, which is the lowest resolution (45 MHz
map) among all maps. But for the diffuse map simulation,
we use the pre-processed 408 MHz map in resolution 0.85◦

as the base.
We find that for the expansion in eq. (6), an order of 6 is

a good choice, the fitting curve is shown in Figure 2, and the
βi s are given in Table 2.

With the spectrum index of diffuse emission fitted above,
we can simulate the diffuse emission map by scaling the pre-
processed 408 MHz map obtained in item (3). As an example,
Figure 3 is the simulated diffuse map at 1.4 GHz.

(MHz)

Figure 2 (Color online) Polynomial fitting of spectrum index of diffuse
emission as frequency.

Table 2 The fitted βi parameters

Parameter Value and error

β0 2.55 ± 0.035

β1 0.06 ± 0.002

β2 (3.33 ± 0.069) × 10−2

β3 (2.57 ± 0.093) × 10−3

β4 (−1.7 ± 0.028) × 10−3

β5 (−9.14 ± 0.162) × 10−5

β6 (2.86 ± 0.038) × 10−5
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−0.25 1.2
log10(K)

Figure 3 (Color online) Simulated diffuse map at 1.4 GHz.

4 Point source

Most radio point sources are extragalactic. It has been noted
that for flux above mJy level, most radio sources are radio-
loud galaxies (radio-loud AGNs), quasars and BL Lac ob-
jects; while at sub-mJy, the star-forming (late-type) galaxies
(mostly spiral galaxies) dominates [55, 56]. Recent studies
suggest that there is another population, radio-quiet AGNs,
which are star-forming galaxies but hosting an active nucleus
[57, 58]. However, here we are mainly concerned with the
flux density distributionregardless the nature of the sources.

We derive the statistical distribution of the radio point
sources from two surveys, namely the NRAO VLA Sky Sur-
vey (NVSS) [24] and the Sydney University Molonglo Sky
Survey (SUMSS) [59,60]. The combination of these two sur-
veys covers nearly the entire sky, and their angular resolutions
and flux limits are comparable. It is more difficult to incor-
porate other survey data, e.g. the 3C [61], 5C [62], FIRST
[63,64] surveys, etc., because their sky coverages, resolutions
and sensitivities are significantly different from each other.

The NVSS covers the sky of δ ≥ −40◦, which is approxi-
mately 82% of the celestial sphere, its observation frequency
is 1.4 GHz, with a resolution θFWHM = 45′′ and nearly uni-
form sensitivity. It produces a catalog of almost 2 × 106 dis-
crete sources stronger than S ≈ 2.5 mJy. SUMSS covers the
sky of δ ≤ −30◦, its observation frequency is 843 MHz, and
the angular resolution (FWHM) is 45′′ × 45′′cosec|δ| where δ
is the declination, it produces a catalog of more than 2 × 105

discrete sources stronger than S ≈ 6 mJy.
In Figure 4 we show the source count distributions n(S )

of the two surveys, and we see that above a certain thresh-
old (S = 2.7 mJy for NVSS and S = 12 mJy for SUMSS),
the n(S ) follows a power law distribution. The sample of the
survey is incomplete when the flux drops below the thresh-
old (sensitivity limit) and the density drops steeply at this
point. Therefore, in the following analysis we shall only use
the sample above the threshold.

The survey regions of NVSS and SUMSS overlap for

−40◦ < δ < −30◦, and the resolutions of NVSS and SUMSS
in the overlap region are similar (∼ 45′′). The sources of the
two catalogs in the overlap region are cross-identified using
the following criterion: if the coordinate difference is within
30′′ and there is only one match within the surrounding re-
gion of 90′′, the two sources are identified as the same one.
In the overlap region, 7515 matched sources are found, in
agreement with the SUMSS survey team [60]. We compute
the spectrum index α of these sources from the observations
at 1.4 GHz (NVSS) and 843 MHz (SUMSS). The distribution
of the spectrum index is well fitted by a Gaussian function, as
shown in Figure 5, with α = 0.8157 ± 0.3885.

With the spectrum index of flux density α fitted above (the
index of brightness temperature is β = 2 + α), we may select
a conservative sample limit above which the survey is com-
plete with high confidence. For NVSS we set this flux limit
as S = 15 mJy, and by scaling the corresponding SUMSS
limit is S = 22 mJy, i.e. S 1.4 GHz = S 843 MHz

(
1.4 GHz
843 MHz

)−α
,

where α = 0.8157, the surface densities of sources in the two

S (mJy)

n
(S

)

S

Figure 4 (Color online) The source counts of NVSS at 1.4 GHz and
SUMSS at 843 MHz. The count drops steeply at S = 2.7 mJy for NVSS
and S = 12 mJy for SUMSS respectively.

−2.0 −1.5 −0.5−1.0 0.0 0.5

1400−843 MHz sources flux density power-law index

0.0
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N( =0.8157, 2=0.1509)

Data

2.5 3.52.0 4.03.01.51.0

µ σ

Figure 5 (Color online) Distribution of the spectrum index as derived from
the sources in the overlap region of NVSS and SUMSS. The distribution is
well fit by a Gaussian function N(µ = 0.8157, σ2 = 0.1509).
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samples are then similar. We assume the NVSS and SUMSS
surveys obtained complete samples of low frequency radio
sources above this limit, then by combining the two surveys,
we obtain a complete catalog of radio point sources above
this limit for most of the sky. Thus, if the point source cata-
log is to be limited above 15 mJy at 1.4 GHz, we can use this
actual catalogue to generate the point sources.

However, the confusion limit for our input all-sky map is
well below this value, which is only 0.5 mJy (see Appendix).
We need to take into account of the point sources in the flux
range of 0.5-15 mJy. For these sources the complete catalog
is not available, but we can generate mock point sources ac-
cording to their statistical distribution. The n(S ) distribution
can be derived from the existing data, as detailed in A2. For a
sky region whose solid angle isΩ, the total number of sources
is Ntot =

∫
S n(S )Ω dS . There are about 2.5×108 such sources

in the whole sky, its distribution can be written approximately
as:

n(S ) ≈ 1300 S −1.77. (10)

The simplest way for generating the mock point sources
would be to place them with a uniform random distribution
on the celestial sphere. However, it has been observed that
there is angular clustering among the radio sources, as would
be expected for general matter distribution [16, 65]. To gen-
erate point sources with such angular clustering, we use the
Rayleigh-Lévy random walk method, in which the distribu-
tion of the angular distance is [14, 66-69]

P(> θ) =


(
θ

θ0

)−γ
, θ ≥ θ0,

1 , θ < θ0.

(11)

The parameters θ0 and γ can be obtained from the two-point
correlation function between NVSS and FIRST. Here we fol-
low the result from ref. [65] to use θ0 = 6′ and γ = 0.8.

We execute the following steps to generate the point
sources of the Rayleigh-Lévy random walk:

(1) Start from an arbitrary position, place the first source.
(2) Choose a random direction n, a random angular dis-

tance θ and an uniform random number u. If u > P(> θ), then
place the next source at the coordinate (n, θ).

(3) Repeat the Step 2, until all sources are placed.
(4) Specify the flux of each source at 1.4 GHz. For each

flux bin centered at S 0 with width ∆S 0, the number of sources
over the whole sky is N0 = 4π

∫ S 0+∆S 0/2
S 0−∆S 0/2

n(S ) dS . There-
fore, we randomly select N0 sources from the mock map, give
flux densities as uniform random values from S 0 − ∆S 0/2 to
S 0 + ∆S 0/2, with the spectrum index given by a Gaussian
random number with N(µ = 0.8157, σ2 = 0.1509).

Indeed, even for flux density above 15 mJy at 1.4 GHz,
there are a few gaps on the sky not covered by the combined
NVSS+SUMSS catalog. The same procedure can be used to
generate sources which fill these gaps.

5 Results and discussion

Now we can make the total sky map by summing up the dif-
fuse foreground map (which is itself the sum of Galactic syn-
chrotron and galactic free-free emission map) and the point
sources. In the sky regions covered by the NVSS and SUMSS
surveys, the bright sources are from the actual catalog. For
sky regions not covered by the surveys, or for the fainter
sources, point sources are generated according to statistical
distribution. Using the spectrum indices we obtained for the
diffuse maps and the point sources, the flux at the desirable
frequencies are computed, and then convolved with a beam
of assumed resolution.

We produce the total sky maps at 150 MHz, 408 MHz,
750 MHz, 1.4 GHz, and 2.3 GHz with FWHM resolutions
0:1◦ and 0:015◦ (shown in Figure 6), as well as a point
source catalogue above 0.5 mJy at 1.4 GHz. The sky appears
brighter at lower frequencies, but in the frequency range dis-
cussed here the large features are similar. Our sky maps and
point source catalogs are available for download3).

In the sky regions covered by the NVSS and SUMSS sur-
veys, the brighter sources are from the actual catalogue. For
sky regions not covered by the surveys, or for the fainter
sources, point sources are generated according to statistical
distribution. Using the spectrum indices we obtained for the
diffuse maps and the point sources, the flux at the desirable
frequencies are computed, and then convolved with a beam
of assumed resolution.

In Figure 7 we show a zoom up at the mid-declination
for the maps at the different resolutions of 0.7◦, 0.1◦, and
0.015◦. We can see that as the resolution improved, more
radio sources can be seen clearly in the map, some sources
which are merged in the low resolution maps appear distinct
at higher resolutions, while the overall temperature of the
map remains the same.

In Figure 8 we plot the relative differences of the GSM
(2008 and 2016) and our model with respect to the 2014 ver-
sion of the Haslam map at 408 MHz in a resolution of ∼1◦.
Compared with the original 1982 version, in the 2014 ver-
sion of the Haslam map [28] strong baseline stripings are re-
moved, however the stronger radio sources are also removed.
So we can see that the GSM 2008 model which is based on
the original 1982 version of Haslam map show differences in

3) http://tianlai.bao.ac.cn/∼huangqizhi/SSM/
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Figure 6 (Color online) Maps with resolution of 0.1◦ at 150 MHz, 408 MHz, 750 MHz and 1.4 GHz, from (a) to (d).
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Figure 7 (Color online) Zoomed-in sky maps in a region of RA from 260◦

to 340◦ and Dec from 10◦ to 50◦.

the form of stripes and points. The GSM 2016 model is itself
based on the 2014 version of Haslam map, so there is very
small difference. Our own model also has small differences

with respect to the 2014 version of Haslam map, but as we
added back the point sources, we can see some differences
appearing as points.

With the addition of the point sources, we expect signif-
icant changes in the angular power spectrum. In Figure 9
we plot the angular power spectrum for both our diffuse map
and total map, at 1◦ and 0.1◦ resolutions. For comparison,
we also use the CORA code to generate mock maps at these
resolutions and plot the resulting angular power spectrum in
this figure. For the diffuse map, the angular power is basi-
cally flat until it begins to drop at the scale corresponding to
the map resolution. With the addition of the point sources,
there are significant powers on the small scales. The angu-
lar power spectrum actually raises before reaching the map
resolution. The general shape of our angular power spectrum
is similar to that of the CORA map, though there are slight
differences in the amplitude. As the two maps are both gen-
erated with random distribution, and there are differences in
the details of both the assumed distribution and the method
of generation, such difference is not unexpected. Compared
with the low resolution GSM model, such angular power
will have substantial impacts on the foreground removal
results.

Note however our model consists a low resolution diffuse
sky model and a point source catalog model, but no high
resolution extended sources, so the angular power spectrum
may not be completely accurate. Extended sources do exist,
e.g. some galactic supernova remnants. Many extragalactic
sources, e.g. radio galaxies, radio halo of galaxy clusters and
groups, etc., are also extended source under higher resolu-
tions. Such extended sources could be modeled in a man-
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ner similar to our current modeling of point sources but with
more parameters each: in addition to the center location co-
ordinates, total flux and spectral index, also the parameters
describing its shapes (modeled e.g. with one or more elliptic
Gaussian profiles) [27].

(a)

(b)

(c)

−20% +20%

−20% +20%

−20% +20%

Figure 8 (Color online) Relative differences of the GSM2008 (a),
GSM2016 (b), and our model (c) to the 2014 version of Haslam map.

Figure 9 (Color online) The angular power spectra of the diffuse and total
power maps at 1◦ and 0.1◦ resolutions. For comparison, we also plot the
angular power spectrum from a map generated by the CORA code.

There are some limitations in the model presented here. In
terms of applicable frequency range, here we considered only
below 2.3 GHz. At this mid-to-low frequency range, the main
components of the foreground radiation can be modeled us-
ing the galactic synchrotron emission, galactic free-free emis-
sion and the extragalactic sources which are also primarily
radiating by these mechanism. We have not considered the
propagation effects (absorption, refraction and scattering) in
this treatment. At the very low frequencies these effects may
have significant impacts. For example, the radiowaves at a
few MHz may suffer significant absorption because of the in-
terstellar medium electrons. These shall be studied in the fu-
ture.

We have considered only unpolarized emission in this
study. In fact, the galactic synchrotron emission is highly po-
larized, and some point sources are also polarized [70]. The
polarized emission is also very important in the foreground
subtraction analysis, because the Faraday rotation induce an
oscillation along the frequency which is similar to the 21 cm
signal [71-76].

Despite these limitations, the inclusion of the point source
in this model increased the usable range of angular resolution,
making it a useful tool for the study of foreground subtraction
in 21 cm experiment. Our model can be further improved in
the future by implementing the extended sources, polariza-
tion and propagation effects.
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Appendix

A1 Computation of the confusion limit

The beam of a telescope can be modeled as a circular Gaus-
sian function:

Bcirc(θ, φ) = exp

−4 ln 2
θ2

θ20

 , θ0 = 1.029
λ

D
, (a1)

where θ0 is the FWHM resolution, λ is the observation wave-
length, D is the aperture size of the telescope, or an elliptic
Gaussian function:

Bell(θ, φ) = exp

−4 ln 2 θ2
(cosφ
θ1

)2

+

(
sinφ
θ2

)2
 . (a2)

For a telescope with a beam response B(θ, φ), a source with
flux S will induce an output x = S · B(θ, φ), the average num-
ber of response R(x) with an amplitude between x and x + dx
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in a solid angle Ωb is then [29-31]

R(x) =
∫
Ωb

n
(

x
B(θ,φ)

)
B(θ, φ)

dΩ. (a3)

For a circular Gaussian beam, the integration of eq. (a3) is
given by

R(x) = k x−γ
π θ20

(γ − 1) 4 ln 2
. (a4)

Let S c = Qσc where Q is a factor of 3-5 [32], the rms confu-
sion σc is [30, 31]

σ2
c =

∫ S c

0
x2R(x)dx. (a5)

If the differential count of radio sources n(S ) is a single
power-law as given in eq. (3), eq. (a5) becomes

S c =

 Q2 k π θ20
(3 − γ)(γ − 1) 4 ln 2

 1
γ−1

. (a6)

For broader range of frequencies, we may model n(S ) using
a piece-wise power law [24, 60]:

S 5/2n(S ) = kn S 5/2−γn , n = 1, 2, 3, 4, 5, · · · (a7)

The best-fit parameters are

γ1 = 1.57, k1 = 29500, for S ≤ 10−4 Jy,

γ2 = 2.23, k2 = 60, for 10−4 < S ≤ 10−3 Jy,

γ3 = 1.77, k3 = 1300, for 10−3 < S ≤ 10−1 Jy,

γ4 = 2.20, k4 = 440, for 10−1 < S ≤ 1 Jy,

γ5 = 2.77, k5 = 390, for S > 1 Jy.

(a8)

With these parameters we obtain the confusion limit, we
find

S c =



0.086 mJy · Q3.51
(
θ0

arcmin

)3.51 (
ν

GHz

)−2α
,

θ0 ≤ 0.25′,

0.12 mJy · Q1.53
(
θ0

arcmin

)1.53 (
ν

GHz

)−2α
,

0.25′ < θ0 ≤ 1.13′,

0.017 mJy · Q2.56
(
θ0

arcmin

)2.56 (
ν

GHz

)−2α
,

1.13′ < θ0 ≤ 7.18′,

0.51 mJy · Q1.63
(
θ0

arcmin

)1.63 (
ν

GHz

)−2α
,

7.18′ < θ0 ≤ 30′,

5 mJy · Q1.18
(
θ0

arcmin

)1.18 (
ν

GHz

)−2α
,

θ0 > 30′,

where α is the spectrum index of flux for the sources,
typically α = 0.7-0.8 (Figure 5), For example, for the
NVSS+SUMSS catalogue, θ0 = 45′′ = 0.75′, if choose
Q = 5, the confusion limit S c = 0.5 mJy and the rms σc =

0.1 mJy. So point source whose flux density above 0.5 mJy
at 1.4 GHz can be distinguished.

A2 Estimation of differential surface density of sources

In order to calculate n(S ), we first compute the radio luminos-
ity function. Two methods are usually used to calculate the
local luminosity function, the maximum volume Vm method
[55,77] and the STY maximum-likelihood method [78]. Here
we use the maximum volume Vm method, in which the target
source is moved through the redshifts to find the maximum
volume it could have inhabited and still been observed:

ρm(L) =
N∑

i=1

(
1

Vm

)
i
, (a9)

where N is the number of sources. Assuming the distribution
of sources is random, the root mean square (rms) error is

σ =

√√√ N∑
i=1

(
1

Vm

)2

i
. (a10)

We use the data from ref. [79], with the cosmological param-
eters from ref. [80].

For start-forming galaxies, the luminosity function is of
the form [81]:

ρm(L) = C
[

L
L∗

]1−a

exp

−1
2

 log10

(
1 + L

L∗

)
σ


2 . (a11)

The best-fit parameters of eq. (a11) are

C = 10−2.88±0.74 mag−1 Mpc−3,

L∗ = 1021.22±5.67 W Hz−1,

a = 1.04 ± 0.21,

σ = 0.61 ± 0.14.

(a12)

For radio-loud AGNs, the luminosity function is of the
form [82]:

log10(ρm) = Y − 3
2

log10(L) −

√
B2 +

[
log10(L) − X

W

]2

.

(a13)

The best-fit parameters of eq. (a13) are

Y = 33.89 ± 7.34, B = 2.27 ± 0.83,

X = 25.96 ± 2.27, W = 0.85 ± 0.12.
(a14)

Figure a1 shows the fitted local radio luminosity function.
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Figure a1 (Color online) The radio local luminosity function at 1.4 GHz.
Luminosity below 1022 W Hz−1, star-forming galaxies are dominated (green
dash line), but above 1024 W Hz−1, radio-loud AGNs become dominated
(blue dot line).

For an isotropic source with spectrum index α ≡
−d[ln(S )]/d[ln(ν)] at redshift z, its flux is given by

S =
L

4πD2
L(1 + z)1+α

=
L

A(1 + z)1+α , (a15)

where L is the luminosity, and the luminosity distance of
this source is DL =

c(1+z)
H0

∫ z
0

dz
′

√
ΩΛ+Ωm(1+z′ )3

, and we adopt the

ΛCDM cosmological model with the parameters from Plank
2015 [80]. Then we have

dL
dS
= A(1 + z)1+α. (a16)

In a comoving distance r to r + dr, the number of sources
with luminosities L to L + dL is ρm(L, z)AdLdr. This num-
ber can also be expressed by the sources with flux densities S
to S + dS in redshift range z to z + dz, that is η(S , z)dS dz.
The comoving distance is given by dr = cdz/H(z). Let
η(S , z)dS dz = ρm(L, z)AdLdr, we obtain

η(S , z) = ρ(L, z)A
dL
dS

dr
dz
=

cA2(1 + z)1+αρ(L, z)

H0
√
ΩΛ + Ωm(1 + z)3

. (a17)

The weighted differential count is

S 5/2n(S ) =
1

4π

∫ ∞

0
S 5/2η(S , z)dz, (a18)

Figure a2 (Color online) The weighted different count S 5/2n(S ) of radio
sources. The blue points are calculated from the NVSS-SUMSS full-sky
complete sample, and the red curve is a plot of eq. (a18).

where n(S ) is the number of sources per steradian per flux
density.

We model the redshift evolution of the radio luminosity
function as a combination of “pure luminosity evolution” and
“pure density evolution” [55]:

ρm(L, z) = g(z) ρm

(
L

f (z)
, 0

)
, (a19)

where

f (z) = (1 + z)x , g(z) = (1 + z)y e−
(

z
zc

)q

. (a20)

We use the full-sky complete sample from NVSS and
SUMSS to fit the evolution of radio luminosity function, the
weighted different count of radio sources eq. (a18) is shown
in Figure a2, and the best-fit parameters are

x = 6.68 ± 1.33, y = −8.34 ± 1.86,

zc = 2.39 ± 0.17, q = 2.53 ± 0.24.
(a21)

If approximate as a single power law, we dind n(S ) ≈
1300 S −1.77.
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